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Abstract
,
. $x(t)$ , $n$ $f(x)$
$[5][6]$ .









(SP) Minimize $\int_{0}^{T}f(t,x(t),i(t))dt$ subject to $x(0)=A,$ $x(T)=B$,
, $A,$ $B$ $R^{n}$ , $T>0$ , $f$ .
$y(0)=0$ Jacobi $y(t)$
. Jacobi , $\overline{x}(t)$ Euler Legendre , $[0, T]$
$t=0$ , $\overline{x}(t)$ (S$P$ ) , see
[2].
, $n$ $f(x)$
$(P_{0})$ Minimize $f(x)$ , $x\in R^{n}$
[6] , $(P_{0})$ Jacobi Hesse $f”(\overline{x})$
. ,
$k$ $A_{k}:=(a_{j}\dot{.})_{1\leq i,j<k}$ $y_{k}$ , $y_{0}>0,$ $y_{1}>0,$ $\ldots,y_{k-1}>0$
$y_{k}\leq 0$ $k\geq 1$ 1 .
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$f(x):= \sum_{k=0}^{n}f_{k}(x_{k}, x_{k+1})$ . (1)
, . ,
$[3][4]$ , (1) 2 ,
.
2 , [6] . 3 ,
. 4 , (1) ,
Hesse . 5 ,
, \emptyset .
. 6 , .
. .
2
, $(P_{0})$ [6] . Sylvester
, $n$ $A=(a_{j}.\cdot)$
$|A_{k}|$ ’see e [7].
.
2.1([6]) $n\cross n$ $A=(a_{ij})$
$|A|= \sum n-1$
$\sum$ $\epsilon(\rho)a_{k+1\rho(k+1)}a_{k+2\rho(k+2)}\cdots a_{n\rho(n)}|A_{k}|$ (2)
$k=0\rho\in S(k+1,n)$
$|A_{0}|:=1_{J}\epsilon(\rho)$
$\rho$ , $S(k+1, n)$ , $\ell>k$
$\{\ell+1, \ldots, n\}$ $\{k+1, \ldots, n\}$ .
, Jacobi . $n$ $A=(a_{j}.\cdot)$
, $y_{0},$ $\ldots,$ $y_{n}$
$y_{k}= \sum_{i=0}^{k-1}\sum_{\rho\in \mathrm{S}(i+1,k)}\epsilon(\rho)a.\cdot+1\rho(i+1)a\dot{.}+2\rho(\cdot.+2)\ldots ak\rho(k)y.\cdot$ , $k=1,$ $\ldots,$ $n$ (3)
$A$ Jacobi . , $y_{0}>0$ T Jacobi
$\{y_{i}\}$ $y_{0}>0,$ $y_{1}>0,$
$\ldots,$
$y_{k-1}>0,$ $y_{k}\leq 0$ , $k$ 1
, see[6].
2.1 $([\theta])$ $n$ 1
. , $f(x)$ $\overline{x}$ $(P_{0})$





$(P_{1})$ Mininize $f(x):= \sum_{k=0}^{n}f_{k}(x_{k}, x_{k+1})$
subject to $x:=(x_{1}, \ldots, x_{n})\in R^{n}$ ,
$x_{0},$ $x_{n+1}$ . $f(x)$ Hesse $f”(x)$
$(k, k)$ $=$ $\frac{\partial^{2}f_{k-1}(x_{k-1},x_{k})}{\partial x_{k}^{2}}+\frac{\partial^{2}f_{k}(x_{k},x_{k+1})}{\partial x_{k}^{2}}$ , (4)
$(k, k+1)$ $=$ $\frac{\partial^{2}f_{k}(x_{k},x_{k+1})}{\partial x_{k}\partial x_{k+1}}$ , (5)
.
, .
(P2) Minimize $f(x)$ $:= \sum_{k=0}^{n}f_{k}(x_{k}, x_{k+1})$
subject to $x:=(x_{0}, x_{1}, \ldots, x_{n})\in R^{n+1}$ ,
, $x_{0}$ , $x_{n+1}$ . , Hesse
, $(P_{1})$ , $\partial^{2}f_{0}(x_{0}, x_{1})/\partial x_{0}^{2}$ .
4
$A:=(\begin{array}{llll}a_{1} b_{1} b_{1} a_{2} \ddots \ddots \ddots b_{n-1} b_{n-\mathrm{l}} a_{n}\end{array})$ (6)
Jacobi
$y_{k}-a_{k}y_{k-1}+b_{k-1}^{2}y_{k-2}=0$ (7)
, $a_{k},$ $b_{k}$ ,
. ,
$a:=a_{2}=\cdots=a_{n}$ , $b:=b_{1}=\cdots=b_{n-1}$
. $a_{1}$ , .
, .
27
(A1) $a_{1}>0,$ $a>0$ . ( Legendre )
(A2) $|b|=1$ .
Legendre , $A$ . $b=0$
, Legendre , . ,
, $|b|$ , $|b|=1$ .
, .




$\beta$ . (a) $\alpha,$ $\beta$ ,
$y_{k}=a_{1} \frac{\beta^{k}-\alpha^{k}}{\beta-\alpha}-\frac{\beta^{k-1}-\alpha^{k-1}}{\beta-\alpha}$ . (10)
(b) $\alpha=\beta$ ,
$y_{k}=1+(a_{1}-1)k$ . (11)
(c) $\alpha,$ $\beta$ , $\alpha=e.\cdot\theta$ $(0<\theta<\pi)$ ,
$y_{k}= \frac{a_{1}\sin k\theta-\sin(k-1)\theta}{\sin\theta}$ . (12)
.5 : $a_{1}--a$
5.1 ( 1) (9) $\alpha,$ $\beta$ , (a) $\alpha,$ $\beta$
, . (b) $\alpha=e^{i\theta}$ $(0<\theta<\pi)$ , $(k+1)\theta>\pi$
$k$ $n$ , .
5.1 2 $A=(1,0,0)$ $B=(\cos T, \sin T, 0)$
. , $X_{1},$
$\ldots,$
$X_{n}$ , $A,$ $B$ $n$
$\ell_{1},$ $\ldots,\ell_{n}$ . $\ell_{k}:=\{(\sin\theta\cos k\Delta t, \sin\theta\sin k\Delta t, \cos\theta)$ :
0 $<\theta<\pi$} , $\Delta t:=T/(n+1)$ , 0 $<\theta_{k}<\pi$
$X_{k}=(\sin\theta_{k}\cos k\Delta t, \sin\theta_{k}\sin k\Delta t, \cos\theta_{k})$ , $n$
$f(\theta_{1}, \ldots, \theta_{n})$ . , $\ell_{k}$ $\overline{X}_{k}$ ,
$A\overline{X}_{1}\cdots\overline{X}_{n}B$ $\theta$ $\overline{\theta}:=(\pi/2, \ldots,\pi/2)$ , $\overline{\theta}$ $f(\theta)$
. , $f(x)$ Hesse
$f”( \frac{\pi}{2},$
$\ldots,$
$\frac{\pi}{2})=\frac{1}{\sqrt{2-2c}}(\begin{array}{llll}2c -1 -1 2c \ddots \ddots \ddots -1 -1 2c\end{array})$
28
$\mathrm{B}$
Figure 1: Sphere: fixed endpoint
. $c:=\cos\Delta t$ . $\Delta t$ $\pi$ $c^{2}-1<0$ ,
$i\Delta t$ , 5.1 . (a) $T<\pi$ , 1
. (b) $T\geq\pi$ , $(k+1)T/(n+1)\geq\pi$ $k$ 1
. .
52 $x^{2}+y^{2}=1$ 2 $A=(1,0,0),$ $B=(\cos T, \sin T, \gamma)$
. , $\Delta t:=T/(n+1)$ , $X_{1},$ $\ldots,$ $X_{n}$ , $A,$ $B$
$n$ $\ell_{k}:=$ { $(\cos k\Delta t,$ $\sin$ k\Delta $z$ ) : $z\in R$}
. , $z_{k}\in R$ $X_{k}=$ ( $\cos k\Delta t,$ $\sin$ k\Delta $z_{k}$ ) ,
Figure 2: Cylinder: fixed endpoint
$AX_{1}\ldots X_{n}B$ $n$ $f\grave{(}z_{1},$
$\ldots,$
$z_{n}$ ) . ,
$z(t)=t\gamma/T$ $\ell_{k}$ $\overline{X}_{k}$ , $A\overline{X}_{1}\ldots\overline{X}_{n}B$ $z\in R^{n}$
$\overline{z}:=(\gamma/(n+1), \ldots, n\gamma/(n+1))$ , $\overline{z}$ $f(z)$








. $c\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}\cos\ovalbox{\tt\small REJECT} t,$ $d\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}\gamma^{2}/(n+1)^{2}$ . , 5.1
, .
53 $x^{2}+y^{2}-z^{2}=1$ 2 $A=(1,0,0)$ $B=(\cos T, \sin T, 0)$
. , $\Delta t:=T/(n+1)$ , $X_{k}$
$\ell_{k}:=\{(\cosh s\cos k\Delta t, \cosh s\sin k\Delta t, \sinh s);s\in R\}$ . $s_{k}\in R$
Figure 3: Hyperboloid with one sheet: fixed endpoint
$X_{k}=(\cosh s_{k}\cos k\Delta t, \cosh s_{k}\sin k\Delta t, \sinh s_{k})$ , $AX_{1}\ldots X_{n}B$
$n$ $f(s_{1}, \ldots, s_{n})$ . , $xy$ $\ell_{k}$
$\overline{X}_{k}$ , $s\in R^{n}$ $\overline{s}:=(0, \ldots, 0)$ , $\overline{s}$ $f(s)$
. , $f(x)$ Hesse
$f”(0, \ldots, 0)=\frac{1}{\sqrt{2-2c}}(\begin{array}{llll}4-2c\ddots -1 -\mathrm{l} 4-\ddots 2c \ddots \ddots\ddots -1 4-2c-1\end{array})$
. , $c:=\cos\Delta t$ . , $2-c\pm\sqrt{(1-c)(3-c)}$
2 , 5.1 , .
6 : $a_{1}$
, $a_{1}$ , ,
.
5.1 , $a_{1}$ $a$ ,
, . , 4.1 ,
, $a_{1}$ , .
6.1 ( 2) (9) $\alpha,$ $\beta$ . (a) $\alpha<\beta$
, $a_{1}<\alpha$ . (b) $\alpha=e^{:\theta}$ $(0<\theta<\pi)$
30
, $k$ $k$ $a_{1}\sin k\theta\ovalbox{\tt\small REJECT}\sin(k-\mathfrak{y}o$
.
6.1 $B=(\cos T, \sin T, 0)$ $\ell_{0}$ $:=\{(\sin\theta, 0, \cos\theta) : 0<\theta<\pi\}$
. , $X_{1},$ $\ldots,$ $X_{n}\mathfrak{l}\mathrm{f}\ell_{0},$ $B$
$n$ $\ell_{1},$
$\ldots,$
$\ell_{n}$ . 5.1 , $X_{k}$
Figure 4: Sphere: variable initial point
, $n+1$ $f(\theta_{0}, \ldots, \theta_{n})$ .
$\ell_{k}$ $\overline{X}_{k}$ , $\theta$ $\overline{\theta}:=(\pi/2, \ldots, \pi/2)$ ,
$f”( \frac{\pi}{2},$
$\ldots,$
$\frac{\pi}{2})=\frac{1}{\sqrt{2-2c)}}(\begin{array}{llll}c -\mathrm{l} -1 2c \ddots \ddots \ddots -1 -1 2c\end{array})$ $n+1$
. , $c:=\cos\Delta t$ . 4.1(c) , $k$ $y_{k}=$
$cosk\Delta t$ , . (a) $T<\pi/2$ , 1 . (b)
$T\geq\pi/2$ , $k/(n+1)\geq\pi/2T$ $k$ .
.
52 , ,
, . , ,
, .
Ill 62 $x^{2}+y^{2}=1$ $B=(\cos T, \sin T, 0)$ $\ell_{0}:=\{(\sqrt{1-z_{0}^{2}},0, z_{0});-1$ .
$z_{0}<1\}$ . , $\Delta t:=T/(n+1)$ , $X_{k}$
$(k=1, \ldots, n)$ $\ell_{k}:=\{(\cos k\Delta t, \sin k\Delta t, z) : z\in R\}$ ( . 52
$X_{k}$ , $n+1$ $f(z_{0}, z_{1}, \ldots, z_{n})$ .
, $xy$ $\ell_{k}$ $\overline{X}_{k}$ , $\overline{X}_{0}\overline{X}_{1}\ldots\overline{X}_{n}B$ $z\in R^{n+1}$
31
Figure 5: Cylinder: variable initial point
$\overline{z}:=(0, \ldots, 0)$ . ,
$f”( \overline{z})=\frac{1}{\sqrt{2-2c}}(\begin{array}{llll}c -1 -1 2 \ddots \ddots \ddots -1 -1 2\end{array})$ (14)
. , $c:=\cos\Delta t$ . , , 4,1 (b)





63 $x^{2}+y^{2}-z^{2}=1$ $B=(\cos T, \sin T, 0)$ $\mathrm{f}\dot{\mathrm{f}\mathrm{i}}$
$\ell_{0}:=\{$ ; $-1<s_{0}<1\}$ (15)
. , $\Delta t:=T/(n+1)$ , $X_{k}(k=1, \ldots, n)$
$\ell_{k}$ . 5.3 $X_{k}$ , $n+1$
$f(s_{0}, \ldots, s_{n})$ . $xy$ $\ell_{k}$ $\overline{X}_{k}$ , $\overline{X}_{0}\overline{X}_{1}\ldots\overline{X}_{n}B$
$s\in R^{n+1}$ $\overline{s}:=(0, \ldots, 0)$ ,
$f”(0, \ldots, 0)=\frac{1}{\sqrt{2-2c}}(\begin{array}{lllll}(c+\gamma^{2}\ddots -1)/\gamma^{2} -1 -1 \ddots 4-2c \ddots \ddots \ddots -1 -1 4-2c\end{array})$
32
Figure 6: $\mathrm{H}\mathrm{y}\dot{\mathrm{p}}\mathrm{e}\mathrm{r}\mathrm{b}\mathrm{o}\mathrm{l}\mathrm{o}\mathrm{i}\mathrm{d}$ with’ one sheet: variable initial point
. , $c:=\cos\Delta t$ . , $\mathit{5}.S$ , 2
$\alpha<\beta$ . , 6.1 ,
$a_{1}<\alpha$ , , $c<1-2\gamma^{4}/(2\gamma^{2}+1)$ . $\Delta t>0$ , $\gamma^{2}$
, , .
2 , $X_{0}$ $|$)
. , . , $X_{0}$
.
6.4 6.2 , $\ell_{0}:=\{(1,0, z) : z\in R\}$
. , $f(z_{0}, \ldots, z_{n})$ Hesse $\mathrm{F}^{1}\mathrm{J}$ $\mathrm{t}\mathrm{J}$
$f”( \overline{z})=\frac{1}{\sqrt{2-2c}}(\begin{array}{llll}1 -1 -1 2 \ddots \ddots \ddots -1 -1 2\end{array})$ (16)
. , 4.1(b) , $y_{k}\equiv 1$ ,
.
Figure 7: Cylinder: variable initial point
33
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